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Abstract
Deﬁnitions of ﬂow indicators are derived by adapting Edie’s deﬁnitions through a stream-based approach and a data-driven spatio-
temporal discretization framework. The stream-based approach accounts for the multidirectional nature of pedestrian ﬂows. The
data-driven discretization framework, based on three-dimensional Voronoi tessellations, accounts for the pedestrian heterogeneity
in the case when only samples of points are available, instead of the analytical description of trajectories. The proposed approach
enables the pedestrian ﬂow characterization to be applicable to any space-time domain of interest.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Pedestrian ﬂow characterization which is in accordance with reality is essential so as to provide a better understand-
ing of pedestrian ﬂow. This is important to many areas, ranging from urban planning, traﬃc forecasting, designing
public spaces (airports, stadiums, train stations, etc.), the optimization of the processes within public facilities to the
evacuation studies. The outcomes of the empirical studies reported in the literature however reveal large diﬀerences
with respect to pedestrian ﬂow characterization. In particular, the reported maximal value of ﬂow goes from 1.2
ped/ms to 1.8 ped/ms, jam-density goes from 3.8 ped/m2 to 10 ped/m2 and the reported maximum ﬂow density range
is from 1.7ped/m2 to 7 ped/m2 (Seyfried et al., 2010). The researchers have suggested several explanations for these
deviations some of which can be attributed to the complex nature of pedestrian interactions (Helbing et al., 2007a),
the diﬀerences between pedestrian facilities and the eﬀects of the environment (Rastogi et al., 2013), the cultural
diﬀerences and personal characteristics (Schadschneider et al., 2009). Additionally, the diﬀerences in terms of the
speciﬁcation and measurement of the indicators play a cructial role as well (Seyfried et al., 2010). In this respect the
methods used for pedestrian ﬂow characterization are usually developed on the grounds of drawing parallels between
pedestrian and vehicular ﬂow. Although the ﬁeld of vehicular ﬂow modeling is quite well-established (Hoogendoorn
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and Bovy, 2001) this comparison is considered useful to some extent given the large diﬀerences that exist between
the two types of traﬃc ﬂow. In comparison to roadways where vehicular ﬂow is separated by directions, pedestrian
ﬂow is such that pedestrian facilities permit them to move in a multidirectional fashion. Therefore the measurement
methods developed in the ﬁeld of vehicular traﬃc can be employed only in the case of unidirectional pedestrian ﬂow
(e.g. ﬂow through doors, gates).
Zhang (2012) has provided a comprehensive analysis of several measurement methods and their inﬂuence on the
fundamental relationships. In the ﬁrst analyzed method (denoted by method A in Zhang (2012)) a reference location
in space is considered and the mean values of ﬂow and speed are calculated over time. This set of deﬁnitions is
therefore not useful for the analysis of the ﬂow behavior over longer sections. Furthermore, given that the fundamental
relationship holds only in the case where speed refers to the space-mean speed, this method cannot be employed to
calculate density. The second method (denoted by method C in Zhang (2012)) refers to the classical one where the
speed and density are speciﬁed per areal unit which makes it impossible to employ this method in order to analyze
the ﬂow behavior over longer time intervals. There is a need for a diﬀerent way of looking at ﬂow indicators that
would provide deﬁnitions that are applicable to pedestrian trajectories given a space-time domain of interest (Edie,
1963). This is provided by the third set of deﬁnitions (denoted by method B in Zhang (2012)), in which the measures
of speed and density are averaged over time and space. The drawback of this method is however the assumption that
pedestrians perform their movement in the form of a straight line, which is empirically shown to be not correct (Saberi
andMahmassani, 2014). This assumption becomes especially critical when the considered time and space intervals are
arbitrary selected, given that it may lead to the loss of heterogeneity. The last method evaluated in the study of Zhang
(2012) (denoted by method D) speciﬁes the indicators via Voronoi diagrams providing the minimal scatter in the
corresponding results. In addition to the described methods Helbing et al. (2007b) proposed the speciﬁcation of local
density and speed using Gaussian, distance-dependent function. Fruin (1971) speciﬁed a “pedestrian area module”,
the reciprocal of the density, in order to quantify the level of service of pedestrian facilities. Common to all described
speciﬁcations of ﬂow indicators is the neglecting of the multidirectional nature of pedestrian ﬂows. In the case of
an open space where multidirectional ﬂow is present the existing approaches would constrain the pedestrian ﬂow
pattern to the unidirectional case, thus leading to unrealistic characterization. Saberi and Mahmassani (2014), on the
other hand, have proposed a three-dimensional approach to pedestrian ﬂow characterization thereby extending Edie′s
deﬁnitions, similar to Hoogendoorn et al. (2011). Density and ﬂow are deﬁned as the ﬂux of pedestrian trajectories
through a plane speciﬁed for the considered volume in the three-dimensional space-time diagram. The distinction
is made between the backward and forward ﬂow, thus accounting to some extent for the directional composition of
pedestrian ﬂow. However, the improved methods that would provide generalized ﬂow characterization in the case of
pedestrians need to be developed.
Providing a comprehensive and realistic characterization of pedestrian ﬂow is also important for the speciﬁcation
and estimation of fundamental relationships between the characteristics. These relationships are used for evaluating
the performance of pedestrian facilities, but they can also act as an input or a calibration criterion for the mathematical
models of pedestrian dynamics. Given that it has been empirically shown that speed of pedestrians is not only aﬀected
by density but also by the multidirectional ﬂow composition, it is important that the interaction between the ﬂow indi-
cators from diﬀerent directions is captured and explained by these relationships. For instance, in a bidirectional ﬂow
case Lam et al. (2003) reported the reduction in the walkway capacity and speed of minor streams observed based on
empirical studies. Wong et al. (2010) have analyzed the eﬀect of the intersecting angle between two pedestrian streams
on the indicators and reported that the speed of a stream is more negatively aﬀected by the intersection angle under
greater total densities with the head-on conﬂict being the worst case. The presented studies have provided a better
understanding of the eﬀect of these diﬀerent types of pedestrian ﬂows on the fundamental relationship. However, the
general formulation of the fundamental diagram which would model the interaction between streams in multidirec-
tional ﬂows and that would take into account the heterogeneity of the population of pedestrians is still missing. This
may question the use of the existing approaches in practice.
The methodologies for the pedestrian ﬂow characterization that would account for speciﬁcities related to this
transportation mode still have not been deﬁned. The existing approaches do not provide support for generalized
multidirectional speciﬁcations of the ﬂow indicators applicable to any space-time domain of interest. Accordingly, we
propose a mathematical framework by adapting Edie′s deﬁnitions (Edie, 1963) through: (i) a stream-based approach
and (ii) data-driven spatio-temporal discretization framework. The stream-based approach is proposed so as to account
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for the multidirectional nature of pedestrian ﬂow when specifying the indicators based on individual trajectories.
When only the sample of points is given, the data-driven discretization framework is created through the utilization
of Voronoi tessellations to allow for the heterogeneity of pedestrian population to be preserved. Such a framework
permits the deﬁnitions and measurement of the ﬂow characteristics from a pedestrian-oriented perspective.
2. Pedestrian ﬂow indicators
Trajectories represent the most comprehensive data set enabling a detailed ﬂow characterization. A trajectory is
associated with a moving object (e.g. vehicle, pedestrian). It is a set of points
p(t) = (x(t), y(t), t) (1)
representing its physical location (x(t), y(t)) in space at a speciﬁc time t.
Analyzing vehicular trajectories in a two-dimensional space-time diagram Edie (1963) provided a generalized
deﬁnitions of ﬂow characteristics, being density (k), ﬂow (q) and speed (v). The characteristics are deﬁned based on
an area A of general shape
k(A) =
∑
i
ti
|A| (2)
q(A) =
∑
i
di
|A| (3)
v(A) =
∑
i
di∑
i
ti
(4)
where i is the vehicle identiﬁer, ti and di are respectively the time spent and the distance traveled in A by the vehicle i.
|A| refers to the area covered by the shape A in the two-dimensional space-time diagram having the unit meters times
seconds.
In the case of pedestrians, however, trajectories are to be analyzed in a three-dimensional space-time diagram
(Saberi and Mahmassani, 2014). Extending the Edie′s approach from the two-dimensional to the three-dimensional
domain implies that the characteristics are deﬁned based on a volume V of general shape (Fig.1)
k(V) =
∑
i
ti
Vol(V)
(5)
q(V) =
∑
i
di
Vol(V)
(6)
v(V) =
∑
i
di∑
i
ti
(7)
where i is the pedestrian identiﬁer, ti and di are respectively the time spent and the distance traveled in the shape V by
the pedestrian i. Vol(V) refers to the volume of the shape V in the three-dimensional space-time diagram with the unit
being square meter times seconds.
The extension of Edie′s deﬁnitions from the two-dimensional to the three-dimensional case is however not suﬃcient
so as to account for the speciﬁcities of pedestrian ﬂow regarding the multidirectional ﬂow composition. We provide a
framework particularly designed to cope with this issue through a stream-based approach described in the following
section.
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Fig. 1. Pedestrian trajectories in the tree-dimensional time-space diagram and the projection onto the xy-plane.
2.1. Stream-based approach
Pedestrian traﬃc is considered as being composed of diﬀerent streams that interact within the same space. A stream
deﬁnition is direction-based and assumed to be exogenous; it might be designed depending on the type of problem
or learned from sample sets of data (e.g. by utilizing the principal component analysis). The standard choice for the
directional representation system would be (orthonormal) basis, implying the number of representative vectors (ϕ j)
that is equal to the dimension of space. However, in some cases the basis might be unfavorable since it does not allow
any ﬂexibility in design, leading to the notation of frame (the redundant counterpart of a basis)
(ϕ j)Sj=1, S ≥ 2. (8)
S in Eq.(8) refers to the number of streams. The exact choice of the stream conﬁguration is however left to the
modeler.
Pedestrian trajectories are assumed to contribute to the streams to some extent. The contribution is related to the
angle between the vector representing a movement direction of a pedestrian and the direction associated with the
corresponding stream. Movement direction of a pedestrian is obtained by the means of tangential direction associated
with each point p(t) of a trajectory
∇p(t) = (dx(t)
dt
,
dy(t)
dt
, 1) (9)
assuming that x(t) and y(t) are diﬀerentiable. Normalized vector e composed of the ﬁrst two components of the
tangential direction ∇p(t) represents the pedestrian movement direction. The projection of the vector e on each
direction ϕ j, j = 1, ..., S representing a stream gives the individual contribution to the stream
e → (
〈
e, ϕ j
〉
)Sj=1. (10)
Operator 〈·, ·〉 in Eq.(10) represents the inner-product
e → (
〈
e, ϕ j
〉
)Sj=1 = (‖e‖
∥∥∥ϕ j∥∥∥ cosθ)Sj=1 (11)
where θ is the angle between the vectors e and ϕ j. Given that only the speciﬁc values of the angle θ provides mean-
ingful measures, the contribution cϕ ji of a pedestrian i to the stream ϕ j is ﬁnaly deﬁned as
cϕ ji =
{ ‖e‖ ∥∥∥ϕ j∥∥∥ cosθ : 0◦ < θ ≤ 90◦
0 : 90◦ < θ ≤ 180◦. (12)
2.2. Deﬁnitions
Edie′s deﬁnitions given by Eq.(5), Eq.(6) and Eq.(7) are revisited in accordance with the proposed stream-based
framework considering a volume V (Fig.1) in the tree-dimensional time-space diagram. The volume of the shape V is
denoted by Vol(V), with the unit being square meter times seconds.
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The density is deﬁned as the aggregated time spent by all pedestrians in passing through a time-space shape deﬁned
by V , divided by the volume of V
k(V) =
∑
i
ti
Vol(V)
(13)
where ti is the time spent in the shape V by the pedestrian i. The unit of k(V) is a number of pedestrians per square
meter.
The ﬂow of the stream ϕ j is deﬁned as the total distance passed by pedestrians in direction ϕ j during their stay in
V
qϕ j (V) =
∑
i
dϕ ji
Vol(V)
ϕ j. (14)
Distance dϕ ji is the distance traveled in the shape V by the pedestrian i in direction ϕ j, obtained utilizing Eq.(12)
dϕ ji = di · cϕ ji . (15)
The unit of qϕ j (V) is a number of pedestrians per meter per second.
The speed of the stream ϕ j is deﬁned as the total distance passed by pedestrians in direction ϕ j divided by the total
time spent by all pedestrians in passing through a time-space shape deﬁned by V
vϕ j (V) =
∑
i
dϕ ji∑
i
ti
ϕ j. (16)
The unit of vϕ j (V) is meter per second.
In this way, several directions of interest (streams) can be allocated to each point of the space along which the
measurement of the fundamental indicators of pedestrian ﬂow is possible to perform.
3. Data-driven discretization framework
In practice however a sample of points is available rather than the analytical description of a trajectory. The sample
contains the observed positions p1i , ..., p
n(i)
i , where n(i) is the number of data for pedestrian i. In this case a parametric
representation of the trajectory is assumed (e.g. spline) and interpolated. For each observed point pki = (x
k
i , y
k
i , t
k
i ) the
trajectory is such that
p(tki ) = p
k
i . (17)
Clearly, many trajectories can interpolate the same set of points. For most applications it is assumed that the
tangential direction will be needed for only the sample of points. We denote by ∇pki the tangential direction at point
pki obtained based on the points p
k
i and p
k+1
i . In this case it is not necessary to explicitly construct the trajectory but to
consider a discretization, in both space and time, that is adjusted to the reality of the ﬂow. For this purpose Voronoi
tessellations can be employed (Okabe et al., 2009). The Voronoi based structures have already been investigated in the
pedestrian ﬂow theory so as to enable detailed space partitioning (Steﬀen and Seyfried, 2010; Zhang, 2012). In this
paper, instead, a space-time representation is considered and data-driven discretization framework proposed utilizing
three-dimensional Voronoi diagrams.
In order to construct the three-dimensional Voronoi diagram the distance in three-dimensional space has to be
speciﬁed. Let us consider pedestrian i represented by pi = (xi, yi, ti) and point p = (x, y, t). One possibility to deﬁne a
distance between these two points can be
dM =
√
(xi − x)2 + (yi − y)2 + M |ti − t| (18)
where M represents a conversion constant expressed in meters per second. Using M = 1.34m/s would give the
interpretation that the diﬀerence in time |ti − t| is equivalent to the distance in meters, one would traverse under the
assumption of the mean walking speed (according to Weidmann (1992)).
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We consider Voronoi diagram associated with the points pi for the distance dM deﬁned in (Eq.(18)), where each
point p = (x, y, t) belongs to a Voronoi cell Vi(pi) = Vi if
dM(p, pi) ≤ dM(p, p),∀. (19)
The set of all points in Vi corresponding to a speciﬁc time t is
Vi(t) = {(x, y, t) ∈ Vi} (20)
thus represents a set of dimension 2, that is a physical area on the ﬂoor. Similarly, the set of all points in Vi corre-
sponding to a given location (x, y) is
Vi(x, y) = {(x, y, t) ∈ Vi} (21)
representing a set of dimension 1, that is actually a time interval.
The volume of a Voronoi cell Vi associated with the point pi is denoted by Vol(Vi) with the unit square meters
times seconds.
3.1. Deﬁnitions
The deﬁnitions given by Eq.(13), Eq.(14) and Eq.(16) are revisited from the standpoint of the proposed Voronoi-
based discretization framework.
The density of the cell Vi surrounding pedestrian i at pi = (xi, yi, ti) is deﬁned as the time spent by pedestrian i in
passing through a Voronoi cell Vi, divided by the volume of Vi
k(pi) =
Vol(Vi(xi, yi))
Vol(Vi)
. (22)
The set Vi(xi, yi) gives the time interval that the pedestrian i occupies the location (xi, yi). The unit of k(pi) is a number
of pedestrians per square meter.
The ﬂow of stream ϕ j at point pi = (xi, yi, ti) is deﬁned in accordance with Eq.(14) as the total distance passed by
pedestrian i in direction ϕ j in passing through a Voronoi cell Vi, divided by the volume of Vi
qϕ j (pi) =
dϕ ji
Vol(Vi)
ϕ j. (23)
Distance di traversed by pedestrian i during his stay in the cell Vi is approximated by a maximum distance in Vol(Vi(ti))
in the movement direction of pedestrian i. The set Vi(ti) is the space occupied by pedestrian i at time ti. The movement
direction of a pedestrian is obtained by the means of tangential direction ∇pi associated with the point pi. Distance
contribution dϕ ji of pedestrian i to the stream ϕ j at point pi = (xi, yi, ti) is subsequently obtained utilizing Eq.(15). The
unit of qϕ j (pi) is a number of pedestrians per meter per second.
The speed of stream ϕ j at point pi = (xi, yi, ti) is deﬁned as the distance passed by pedestrian i in direction ϕ j
divided by the time spent by pedestrian i in a Voronoi cell Vi
vϕ j (pi) =
dϕ ji
Vol(Vi(xi, yi))
ϕ j, (24)
The unit of vϕ j (pi) is meters per second.
The advantage of the described framework lies in the discretization that is adjusted to the reality of the ﬂow thus
preserving the heterogeneity of the pedestrian population that is subsequently reﬂected through the ﬂow indicators.
3.2. Aggregation
The deﬁnitions derived in the previous section provide the measurement of the ﬂow indicators at the disaggregate
level. In case more aggregate measures are of interest, it is necessary to combine values of density, speed and ﬂow for
multiple Voronoi cells. The following rule is to be applied in this case
k =
∑
i
k(pi) · Vol(Vi)∑
i
Vol(Vi)
(25)
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qϕ j =
∑
i
qϕ j (pi) · Vol(Vi)∑
i
Vol(Vi)
ϕ j (26)
vϕ j =
∑
i
qϕ j (pi) · Vol(Vi)∑
i
k(pi) · Vol(Vi) ϕ j. (27)
This set of deﬁnitions thus provides a way to pedestrian ﬂow characterization given any space-time domain of interest.
In order to empirically show the consistency of the deﬁnitions based on Voronoi discretization with those provided
for a particular set of trajectories, the simulated environment would have to be designed. It would produce two data
sets required for this purpose: (i) a data set representing the analytical description of individual trajectories and (ii) a
data set comprised of the points sampled from the ﬁrst data set. The consistency would be tested in diﬀerent scenarios
generated for diﬀerent ﬂow compositions.
4. Conclusions and further research
This paper addresses the issue of ﬂow characterization in reference to pedestrians. The mathematical framework
which allows for the speciﬁcities of pedestrian ﬂow to be anticipated has been derived starting from the foundations.
More precisely, pursuing the methodology described by Edie (1963) the stream-based deﬁnitions of ﬂow able to
capture the existence of multiple directions that constitute the pedestrian ﬂow pattern have been proposed. This way
oﬀers a possibility of assigning multiple streams to each point in space and of obtaining the ﬂow indicators along
each of the streams accordingly. The proposed set of deﬁnitions grants a way to pedestrian ﬂow characterization
given a space-time domain of interest when analytical description of trajectories is available. In case when a sample
of points is available, the study proposes the data-driven spatio-temporal discretization framework that allows for the
stream-based deﬁnitions to be applied. The discretization framework has been established via the three-dimensional
Voronoi tessellations.
One consideration for future study would be focused on the potential interaction among the characteristics resulting
from diﬀerent streams and how this interaction could be derived. The subject of the authors′ongoing research is the
possibility of approaching this matter from the ﬁrst principals′ platform which would be coupled with the utilization
of the approach propagated by this paper. Ahead of this, the simulated environment would have to be designed in
order to empirically show the consistency of the deﬁnitions based on Voronoi discretization with those provided for a
particular set of trajectories. Subsequently, this methodology would be applied to a real case study in which case the
pedestrian tracking data, collected at the Lausanne train station would be employed (Alahi et al., 2011).
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